The gyroscopic exercise tool to train the hand muscle, which utilizes the gyroscopic effect caused by the whirling motion of the high speed rotating body is considered. This tool shows the contact phenomenon between the rotor and the case. When the input motion with several Hz is added to the case, the rotor spins in thousands rpm whirling with the slow precession motion. Conventional studies on this tool have assumed the continuous rolling motion of the rotor on the track in the case. This paper does not set this assumption, and develops the dynamical model of this tool considering the contact/separation conditions and the slide between the rotor and the case. Two kinds of motions are observed in the numerical simulation, one is the uniform precession synchronous to the input case motion which was observed in the conventional studies. The other is the periodically reverse precession asynchronous to the input motion, which was not observed in the conventional studies. These two motions are physically explained, their stabilities are clarified by the energy analysis. These motions are also observed in the experiment.
Introduction
There is a gyroscopic exercise tool for training wrist, which utilizes the gyroscopic effect of the high-speed rotating rotor. A rotating shaft with a disk is installed in this exercise tool, and it can not only spins but also whirls a precession motion. The rotor is also able to act a nutation motion, but its is restricted within a small range of the gap between the rotor and the track in the case. If the initial spin is given to this rotor and the appropriate periodical motion with several Hz is added to the case, the rotor's precession may synchronize with the input periodic motion and the rotational speed of the rotor's spin motion reaches to several thousands rpm.
Gulick (1) investigated the motion of this gyroscopic exercise tool, and Hosaka (2)(3) investigated the gyroscopic generator utilizing this mechanism. In their studies, it is assumed that the rotor keeps contacting with the track in the case and only the rolling contact motion occurs between them. Then, they considered only the uniform precession motion of the rotor, and the rotor's motion was analyzed by using reduced order model for this rolling motion. They clarified the ranges of the initial conditions for the uniform precession motion and explained the parameter which had influence on them. However, these conventional studies constrained the motion and did not investigate other motions which are possible to occur in this system. Hence, the comparison and summarization of the entrainment regions of input condition and initial values for the possible motions are not able to be investigated based on these studies. In order to use this dynamical mechanism for the power generation as proposed Hosaka (2) (3) , it is important to clarify the possible dynamical motions in this system and to show the entrainment regions of input condition for each motion.
In this study, the constraints of rolling contact between the rotor and the track assumed in those conventional studies (1) − (3) are removed. The rotor can both contact with and separate from the track, and the high-speed rotating rotor can both roll and slide on the track. The dynamical behavior of this model is investigated numerically, and not only the uniform precession motion explained by Gulick (1) and Hosaka (2)(3) but also the periodically reverse motion are observed. These two motions are physically discussed and explained. Furthermore, these motions are observed in the experiment. Figure 1 shows the theoretical model of the gyroscopic exercise tool investigated in this paper. The both ends of the rotor are supported by the track. The width of the track is slightly wider than the diameter of the rotor's shaft, and then, the rotor can perform both spin and precession freely. On the other hand, rotor's nutation was almost restricted in the small range.
Theoretical Model

Modeling of the Rotor
The frames used in the dynamical modeling are shown in Fig.2 . Frame e is the inertia frame fixed in the space, and its origin is O. The unit vectors of the coordinate axes are e 1 ,e 2 ,e 3 , respectively. The center of the track is set at the origin O. In order to reduce the degree of freedom and only to consider the fundamental motions, it is assumed that the center of mass of the rotor is always identical to the center of the track, namely, origin O. The track is assumed to be in the horizontal plane e 1 e 2 at the initial condition, and to be oscillated periodically as shown in Fig.1 , which is same as the case of Hosaka (2)(3) , around the axis e 2 with angle θ as:
where, θ 0 is the amplitude of the input angle θ and Ω is the angular frequency of the input angle θ.
The frame e t fixed on the track is introduced as shown in Fig.2(a) , and the unit vectors of its coordinate axes are e t1 ,e t2 ,e t3 , respectively. Vector e t2 is identical to vector e 2 as shown in Fig.3 , and vector e t3 is taken in the perpendicular direction to the track plane.
The rotor performs precession in the track with the precession angle α around the axis e t3 . The frame e p which rotates with the rotor's precession is introduced as shown in Fig.2(b) , and the unit vectors of its coordinate axes are e p1 ,e p2 ,e p3 , respectively. Vector e p3 is identical to vector e t3 , and vector e p1 is taken in the plane which consists of the rotor's center line and the vector e p3 .
There is a slight gap between the rotor and track as shown in Fig. 4 , and the rotor's center line moves with small angle δ around vector e p2 . The floating frame e f which rotates with the Journal of System Design and Dynamics Vol.7, No.1, 2013 Fig. 2 Definition of frames e, e t , e p , and e f rotor except the rotor's spin motion is introduced as shown in Fig.2 , and the unit vectors of its coordinate axes are e f 1 ,e f 2 ,e f 3 , respectively. Vector e f 2 is identical to vector e p2 , and vector e f 1 is identical to the rotor's center line. The angle between vectors e p1 and e f 1 is nutation angle δ. Following equations represent the relationships for the simple rotation between the unit vectors of the coordinate axes of frames:
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The positive directions of angles θ, α, δ are the directions of e t2 , e p3 , and e f 2 , respectively. The angular velocity vectors ω f of the frame e f and ω r of the rotor are derived utilizing them. The angular velocity of the rotor's spin motion in the frame e f isγ. The frame e t of the track rotates withθe 2 in the inertia frame e, the frame e p representing the rotor's precession rotates withαe t3 in the frame e t , and the frame e f representing the rotor's nutation rotates witḣ δe p2 in the frame e p . Then, the angular velocity vector ω f of the frame e f in the inertia frame e is represented as (4) :
As the angular velocity of the rotor's spin motion isγ in frame e f , the rotor's angular velocity vector ω r is represented as:
Therefore, the vectors shown in Eq. (3) are represented by using Eq. (2) as:
The angular velocity vectors ω f and ω r are represented in the frame e f by using Eq. (5) as:
Therefore, the equation of motion for the rotor is derived by substituting the rotor's angular velocity vector L = Jω r using the inertia moment matrix J=diag[I 1 I 2 I 2 ] into the following Euler's equation (4)(5) .
where, I 1 is the polar moment of inertia of the rotor, I 2 is the diametral moment of ineartia of the rotor. The left supersubscript of the differential symbol shows the frame which the
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Fig. 5 Contact between rotor and track
differentiation is performed, and in this case, it shows that the differentiation is performed in the frame e f . For the moment vector M acting on the rotor, the moment M contact caused by the contact force and the moment M dm caused by the damping force for the rotor's spin and presession are considered.
where, the moment caused by the damping force is represented by using the damping coefficients C α and C γ for the rotor's precession motion α and spin motion γ as:
Moment caused by the contact force
Moment caused by the contact force M contact is represented by both the contact force F a and the friction force F b acting from the track to the rotor as shown in Fig.5(a) . The contact force F a between the rotor and the track is modeled by the contact phenomenon with the surface consists of the equivalent spring and damper as shown in Fig.5(b) .
The restoring force and the damping force between the rotor and track are represented by F k and F c , and the contact force F a is represented as:
The gap between the rotor and the track at the rotor tip position is represented by Z 0 . The perpendicular displacement of the rotor's tip at the side of e f 1 direction is represented by Z, and its positive direction is set in e p3 direction.
where, r t is the half length of the rotor. The contact force F a is modeled by using the equivalent spring constant k and equivalent damping coefficient c for the contact phenomenon. First, the
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Fig. 6 Restoring force and damping force due to contact virtual restoring force and virtual damping force acting from the track to the rotor based on only the geometrical condition are represented by F kv and F cv , respectively. Their positive directions are set to the direction of vector e p3 .
Furthermore, by considering that the contact force acts only in the normal direction, the contact force F a is represented as:
The contact force vector F a is represented as F a = F a e p3 . The magnitude of the friction force vector F b is represented as |F b | = μ|F a | by using the friction coefficient μ, and its direction is determined by using the rotor's velocity v c at the contact point. Here, rotor's velocity v c at the contact point is represented as:
The positive direction of the friction force F b and the rotor's velocity v c at the contact point is the direction of the vector e p2 (Left direction in Fig.5(b) ). The magnitude and sign of the friction force F b are summarized in terms of both v c and δ as follows and as shown in Table 3 .
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Both contact force vector F a = F a e p3 and the friction force vector F b = F b e p2 are represented in terms of the vectors in the frame e f as:
The position vector r of the contact point from the origin O in the direction of e f 1 is also represented in terms of the unit vectors in the frame e f considering Fig.4 as:
Then, the moment caused by the contact force, M contact , is represented as:
Here, the coefficient '2' denotes that the contact phenomenon between the rotor and the track occurs simultaneously at the both ends of the rotor in this model.
Equation of motion of the rotor
The angular velocity vector ω f is represented by using Eq.(6) and also by introducing the angular velocities around coordinates axes of the frame e f as:
By substituting these obtained representations into the Euler's equation(Eq. (7)), the following equations are derived in the frame e f as:
In the numerical simulation, Eq.(19) and their time derivatives are substituted into Eq.(20) and used. Input angle θ is known as shown in Eq. (1), and the variables α,α(≡ v α ), δ,δ ≡ (v δ ), v γ are calculated. It is noted that the rotor's spin angle γ does not appear explicitly in these equations. Table 4 . [m]
Motion Patterns with Precession
Numerical Investigation
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Radius of the rotor R t 31.5 × 10
Length
Gap length between rotor and track Fig. 7 Time history of the angular velocityγ and the angle α in the uniformly rotational presession mode Figure 7 shows an example of the time history for the spin angular velocityγ and precession angle α. The spin angular velocityγ converges to the constant value, and precession angle α increases with the constant gradient. It indicates the steady state condition with uniform precession. In this paper, this motion type with uniformly increasing (decreasing) precession angle α is call as 'uniformly rotational presession mode'. Figure 8 shows an another example of the time history for the spin angular velocityγ and precession angle α for the different initial value or input prameter (θ 0 , Ω). The spin angular velocityγ converges to the constant value, while the precession angle α shows the periodical variation with two phases. It indicates the steady state condition with periodically reversing precession. In this paper, this motion type with periodically reversing precession is call as 'periodically reversing presession mode'.
Physical Explanation for Motion Modes
Physical explanation for both the uniformly rotational presession mode shown in Fig.7 and the periodically reversing presession mode shown in Fig.8 are considered. 
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Uniformly Rotational Presession Mode
An additional line with the gradient of the angular velocity Ω of the input angle θ is added in Fig.7(b) with the dashed line. The time gradient of the precession angle α coincides with the angular velocity Ω of the input angle θ, and it indicates that the rotor's precession angle α synchronizes with the phase angle Ωt of the input angle θ. This motion corresponds to the motion assumed by Hosaka (2)(3) .
Here, consider the case that the tip of the rotor at the e f 1 direction side contacts with the upper side of the track, which is the opposite side of the case shown in Fig.5(a) . Suppose that the rotor spins with the angular velocityγe f 1 and the input angle θ to the track is at the phase that the track pushes down the rotor at the contact point. In such a case, an torque acting on the precession is caused by the friction force from the contact between the spinning rotor and and the track. The friction force leads the whirling motion of the backward precession which is oppsite to the rotor's spin. The gyroscopic moment caused by the backward precession motion acts on the rotor to incline more, which indicates that it act on the rotor to contact more to the upper side of the track. When the angle α of the rotor changes π due to the precession motion contacting with the upper side of the track, the input angle θ also changes π as the rotor's precession synchronizes with the phase angle of the input angle θ. At that time, the track keeps pushing down the rotor at the contact point, and the torque acting on the precession keeps being caused again by the friction force. As a result, the rotor keeps being pushed to the upper side of the track with whirling the precession by the action of the gyroscopic moment.
Same consideration can be made if the rotor contacts at the lower side (the other side) of the track at the initial condition. In such a case, the gradient of the precession angle α becomes −Ω .
From above considerations, the uniformly rotational presession mode of the rotor which keeps contacting with the upper or lower side of the track is pysically explained.
Periodically Reversing Presession Mode
The additional lines with the gradient of the angular velocity Ω or −Ω of the input angle θ are added in Fig.8(b) with the dashed line. Vol.7, No.1, 2013 Fig. 9 Mechanism of periodically reversing presession mode As the gradient of precession angle α is different from Ω, the pair of the additional lines are shown with the phase discrepancy π, such as Ωt + a 1 (−Ωt + a 2 ) and Ωt + π + a 1 (−Ωt − π + a 2 ). The gradient of the precession angle α is slightly larger than Ω, and their phase difference which starts from 0 at the moment of the reverse (A or C) increases with time. The reverse phenomenon occurs when their phase difference closes to π (B or D), namely when α almost coinsides to Ωt + π + a 1 (−Ωt − π + a 2 ). The characteristic of the phase difference is shown in Fig.9 . The abscissa denotes the phase Ωt of the input angle θ, and the ordinate denotes the phase difference between the precession angle α and the phase Ωt of the input angle. The ordinate indicates α−Ωt between A and B and α+Ωt between C and D. First, consider the case that the rotor contacts with the upper side of the track, and the track pushes down the rotor at the contact point, which is point A in the figures. The precession angle α increases with the positive gradient and its angular velocityα is slightly faster than the angular velocity Ω of the input angle. When their phase difference reaches π, which is point B in the figures, the track's motion at the contact point (the upper side of the track) is upward. Thus, the contact between the rotor and the track becomes weak, and hence, the rotor separates from the upper side of the track.
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After the separation, the rotor may contact with the opposite (lower) side of the track. When the rotor contacts with the lower side of the track, the contact between the rotor and the track is in the phase to increase as the track motion at the contact point is upward, which is point C in the figure. Then, the friction force due to contact causes the torque which acts to the precession motion opposite to the period from A to B, and the precession motion reverses to the opposite direction. After the reverse, the phase difference between the precession α and the phase angle Ωt of the input angle θ becomes to zero again, and this precession motion first acts on the rotor to increase the contact. Figure 8(b) shows that the time gradient of the precession angle α is the negative value when the rotor contacts with the lower side of the track (the period from C to D), and its magnitude is again slightly larger than Ω. Thus, their phase difference increases with time. This phase of the precession motion continues until the phase difference between the precession α and the phase angle Ωt of the input angle θ again reach to π (the point D in the figures), and then, the precession reverses in the same manner as observed at the point B. As a result, From above considerations, the periodically reversing presession mode of the rotor which keeps reversing the precession by changing the contacting side between the upper and lower sides of the track is physically explained.
Stability Investigation of Modes by Using Energy Analysis
Re-arrangement of Equations for Energy Analysis
Stability of modes observed in the previous section is investigated by using energy analysis. Consider the precession and calculate the energy W which comes into the system by integrating the work for one period of the mode. The equations of motion of the system are derived as shown in Eq.(20). By subtracting the left side terms from the right side terms − in 2013 Eq.(20) and setting them as M 1 , M 2 , M 3 , respectively, the following expressions are obtained:
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where,ω f 1 =θ sin α cos δ +θα cos α cos δ −θδ sin α sin δ −α sin δ −αδ cos δ ω f 2 =θ cos α −θα sin α +δ ω f 3 =α cos δ −δα sin δ +θ sin α sin δ +θα cos α sin δ +θδ sin α cos δ
It is noted that the influence ofα is considered by arranging the first and third equations of Eq.(20) aboutα and substituting them into each other. The energy consumption and production of the system in one period is represented as:
Here, dθ r1 , dθ r2 and dθ r3 are obtained by rearranging Eq.(19) in the variation form as:
Eq.(23) is rearranged by substituting Eq.(24) as:
Uniformly Rotational Presession Mode
First, the time period T of the uniformly rotational presession mode is obtained. Derive the time period T Ω of input priodic motion and the time period T α of precession. Then, derive the time period for which the integral multiplications of T Ω and T α almost coinside, and set this time period as the pseudo time period of the uniformly rotational presession mode T .
Other parameter values are obtained from the numerical simulation and are set as:
Figure 10 shows the energy input/output of the system in one time period obtained by Eq. (25) with setting the angular velocity of precessionα as the parameter. The Abscissa denotes thė α normalized by the angular velocity of input periodic motion Ω. The positive value of W indicates that the energy comes into the system in one period, and hence, the angular velocity of precessionα increases. While, the negative value of W indicates that the energy goes out from the system in one period, and hence, the angular velocity of precessionα decreases. Therefore, the point with W=0 denotes the quilibrium point, and it is stable if its left side is W > 0 and its right side is W < 0. Figure 10 indicates that there are two equilibrium points W = 0 at around |α|/Ω=1 and 0.5. By investigating the value of W on their both sides, it is clearly shown that the left equilibrium point is unstable and the right one is stable. The symbol • is the numerical simulation result of the angular velocity of precessionα obtained for the comparison, and the stable equilibrium point almost coincides with the numerical simulation result.
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Periodically Reversing Presession Mode
In the periodically reversing presession mode, the presession direction reverses when the absolute value of the difference between the phase of input motion and the precession angle reaches π. Suppose that the reverse occurs at an arbitrary time period T 1 [sec], and it satisfies that:
Because it is a half of the one time period of the periodically reversing presession mode T , the one time period T is represented as:
Other parameter values are obtained from the numerical simulation of the periodically reversing presession mode and are set as:
Figure 11 shows the energy input/output of the system in one time period of the periodically reversing presession mode with setting the angular velocity of precessionα as the parameter. It indicates that there is one stable equilibrium points W = 0 at around |α|/Ω=1.2. This stable equilibrium point coincides with the numerical simulation result obtained by Eq. (20) shown with the symbol •.
Experiment
Experimental Setup
The validity of the obtained theoretical model and its numerical simulation results was experimentally investigated. The experimental system involving the gyroscopic exerciser, which is similar to the one Hosaka used (2)(3) , was set. Figure 12 shows the experimental setup. The periodic input motion θ was added by the servo motor to the system. A sinusoidal wave signal was supplied by the function generator, and the periodic input motion of the servo motor was controlled corresponding to its signal. Table 5 shows the observed dynamical modes of the gyroscopic exerciser. Both the input angle amplitude θ 0 and the angular velocity Ω of the input angle motion were set as the parameter. For each case of parameters, first the input motion on the track was added, and then the initial angular spin velocityγ 0 was added. Although it was tried to set the value oḟ γ 0 to almost the same value, it had some degree of unevenness. The notation 'stop' denotes the case that the rotor's spin speed decreased to 0, the notation 'Rotational' denotes the case that the uniformly rotational presession mode occurred, and the notation 'Reverse' denotes the case that the periodically reversing presession mode occurred. Experimental result of Table  5 indicates that both dynamical modes of the gyroscopic exerciser expected in the numerical simulation were observed in the experiment, and the periodically reversing presession mode was easy to occur when the input angle amplitude θ 0 was set to comparatively large value.
Experimental Result and Discussion
Conclusion
The modeling and analysis of the dynamical behavior of the gyroscopic exerciser are investigated, and following results are obtained :
The theoretical modeling of the gyroscopic exercise tool considering the contact/separation and slide between the rotor and the track was demonstrated. The dynamical behavior of this model was investigated numerically, and two modes of the dynamical motion which show the high speed rotor's spin with the precession motion of the rotor were observed. One was the uniformly rotational presession mode, and the other was the periodically reversing presession mode.
The mechanisms of these two modes were physically discussed and explained. Furthermore, the stability of these modes were also investigated by analyzing the energy input/output during the pseudo one period of motion. It was clarifiled analytically that these modes had stable equilibrium states and they corresponded to the numerical results.
Finally, the validity of the obtained theoretical results was also experimentally investigated, and these two motions were observed in the experiment which confirmed the theoretical results.
